This paper presents a theoretical study of the sound propagation in a waveguide loaded by an array of flush-mounted narrow side-branch tubes, forming a simple low-frequency reactive silencer. The individual tube-lengths and the distances between the adjacent tubes are optimized in order to maximize the minimum transmission loss over a given frequency range. The transmission properties of the silencer are calculated using the transfer matrix method, heuristic evolutionary approach is employed for the determination of the optimal parameters. The numerical results are validated against the finite element method simulation. A comprehensive parametric study is performed to demonstrate the optimized silencer performance as a function of the number of side-branch tubes, and the frequency range. It is shown that for the given frequency range, the minimum transmission loss of the optimized silencer increases linearly with the number of the side-branch tubes.
(Received 16 July 2018; revised 27 August 2018; accepted 10 September 2018; published online 10 October 2018) This paper presents a theoretical study of the sound propagation in a waveguide loaded by an array of flush-mounted narrow side-branch tubes, forming a simple low-frequency reactive silencer. The individual tube-lengths and the distances between the adjacent tubes are optimized in order to maximize the minimum transmission loss over a given frequency range. The transmission properties of the silencer are calculated using the transfer matrix method, heuristic evolutionary approach is employed for the determination of the optimal parameters. The numerical results are validated against the finite element method simulation. A comprehensive parametric study is performed to demonstrate the optimized silencer performance as a function of the number of side-branch tubes, and the frequency range. It is shown that for the given frequency range, the minimum transmission loss of the optimized silencer increases linearly with the number of the side-branch tubes. Reduction of low-frequency noise propagating in ducts is an important issue, especially in modern buildings, where they serve for heating, ventilation, and air-conditioning.
Noise propagating in ducts is traditionally treated by means of silencers 1 (mufflers). Dissipative silencers employ porous absorbing materials to convert acoustic energy into heat. These silencers are usually not efficient at low frequencies, and their use is problematic under strict hygienic conditions, or when the air is wet, dirty, or greasy.
In reactive silencers, the dissipation of acoustic energy plays a minor role, because the basic principle is the reflection of acoustic energy on the impedance mismatch. Typical examples of the reactive silencers are the expansion chamber, 1 or side-branch resonators. For example, these resonators can be represented by Helmholtz resonators (HRs), or sidebranch tubes. As it follows from the core principle, the resonators work efficiently only in relatively narrow frequency range. However, several attempts have recently been made to extend the performance of side-branch resonators into a wider frequency range.
Seo and Kim 2 studied series and parallel arrangements of HRs in order to broaden their frequency characteristics; they proposed an optimization approach for obtaining required transmission properties. In theoretical works, 3,4 the authors studied the transmission properties of a duct with periodically mounted identical HRs; interaction of several pieces of these arrays was also studied. 5 Transmission properties of periodic ducted HRs with added parallel HRs were theoretically and numerically studied in Cai et al., 6 hybrid noise control using dual periodic HRs was also presented. 7 Coulon et al. 8 studied the role of the distances between differently tuned HRs in an array, they used an optimization approach to improve the overall wide-band transmission properties.
Tang 9 studied the sound transmission through a duct with one or more side-branch-tube arrays with tubes of length varying according to simple relations. It has been found that a wide low-frequency stop-band can be formed, whose properties depend on the tube-lengths distribution. Mutual interactions of multiple side-branch-tube arrays were further studied in Yu and Tang. 10 Wang et al. 11 studied the transmission properties of a duct loaded by a periodic array of narrow side-branch tubes. They demonstrated that if the tubes have the same lengths and their resonance frequency matches with the frequency of the Bragg reflection, a wide low-frequency stop-band is formed as a result of the hybridization between the tubes' resonance and the Bragg reflection. They have also shown that if the resonance frequencies of individual tubes differ from each other, the choice of the periodic distance between the tubes strongly affects the overall transmission properties.
This work deals with the transmission properties of a fluid-filled waveguide (duct) loaded by an optimized array of flush-mounted narrow side-branch tubes. Contrary to the previous works concerning optimized reactive silencers with resonators, comprehensive parametric study is conducted in order to find out how the silencer's performance increases with the number of the resonators (side-branch tubes), and whether the overall performance can benefit from additional degrees of freedom implemented by also optimizing individual distances between the tubes. This configuration essentially forms a stop-band filter aimed for the reduction of low-frequency sound propagating within the waveguide. The silencer parameters (l i , d i ) are optimized in such a way that the minimum value of the transmission loss are maximized within a pre-defined frequency range.
It is assumed that the waveguide width w g and the sidebranch tubes width w t are sufficiently small that for the frequencies of interest, only plane-waves are propagating within the structure; higher-order modes are present only in the form of rapidly decaying evanescent waves near the interfaces between the side-branch tubes and the main waveguide. It is assumed that there is an incoming acoustic wave p 0 i ðx; tÞ propagating from the left side which partially reflects in the form of a reflected wave p 0 r ðx; tÞ, and it partially transmits through the structure in the form of a transmitted wave p 0 t ðx; tÞ. It is also assumed that the waveguide downstream the silencer is infinite (or anechoic), so that there is no wave impinging from the right side. Within this work, as it has been adopted in the previous works, [3] [4] [5] [6] [7] [8] [9] [10] [11] the fluid is considered non-dissipative (all forms of acoustic energy dissipation are neglected), and stationary. Even if in almost all practical applications the fluid would be moving, the assumption of stationary fluid does not represent too much simplification, as Tang and Li 12 have reported that slow in-duct airflow does not affect the transmission loss of single or double sidebranch arrangements very much.
B. Transmission matrix method
Within this work, it is assumed that all the transverse dimensions are so small that for given frequencies, only plane waves can propagate within the waveguide and the sidebranch tubes. As a result, acoustic field can be considered essentially one-dimensional and the transfer matrix method 13 (TMM), can be employed for the analysis. It is assumed that the acoustic field is harmonic in time, so that the field quantities can be represented as qðx; tÞ ¼ <½qðxÞ expðixtÞ, where x is the spatial coordinate, t is the time,qðxÞ represents the complex amplitude (phasor) of the field quantity q(x, t), x is the angular frequency, and i ¼ ffiffiffiffiffiffi ffi À1 p is the imaginary unit. The studied systems consist of two basic components: pieces of a waveguide with lengths d i , and side-branch tubes with lengths l i , see Fig. 1 .
Plane-wave transmission through a piece of a uniform waveguide can be described in the matrix form asp
wherep is the acoustic pressure phasor,ṽ is the acoustic velocity phasor, and
is the transmission matrix, where k represents the wavenumber, and Z 0 ¼ q 0 c 0 is the characteristic impedance, q 0 , and c 0 being the ambient fluid density and the sound-speed, respectively. The acoustic field in the waveguide just upstream and downstream a side-branch tube is related as
where
where S t is the side-branch-tube cross-section, S g is the waveguide cross-section, and Z t ¼ ÀiZ 0 cot kl i is the sidebranch-tube input specific acoustic impedance, where l i is the side-branch tube length including the end-correction.
13,14
The total transfer matrix ½T of the silencer depicted in Fig. 1 can be calculated as a product of the individual transfer matrices (1), (2) as
Assuming that only the transmitted wave exists downstream the silencer (the waveguide behind the silencer is semiinfinite or with an anechoic termination), it holdsp t ¼ Z 0ṽt and the input specific acoustic impedance of the silencer can be written as
The reflection coefficient can then be calculated as 
R ¼p
and as there is no dissipation taken into account in the system, the transmission coefficient modulus can be calculated as jT j ¼p
The transmission coefficient of the silencer can also be calculated directly from the transmission matrix (3) as
Finally, the transmission loss (at a given frequency) is calculated as
C. Optimization procedure
As the objective function QðqÞ to be maximized, the minimum value of the transmission loss in a pre-defined frequency range is chosen. The parameters that are optimized (representing the parameter-vector q), are the lengths l i of the individual side-branch tubes and the distances d i between (the centres of) them. If there are N side-branch tubes, the parameter space is D-dimensional, where D ¼ 2N À 1, and
This case is further referred to as l i , d i optimization. In order to find out, what role individually optimized distances between the side-branch tubes play, the case of identical distance d between all the side-branch tubes was studied. In this case, the parameter space is D ¼ N þ 1 dimensional, and
This case is further referred to as l i , d optimization.
The frequency band with the width Df with the centre frequency f c was discretized as
where f min ¼ f c -Df/2, and f max ¼ f c þ Df/2. The objective function to be maximized is then introduced as
Maximization of the objective function (12) represents a search in many-dimensional space. It is well-known that conventional deterministic search algorithms, 15 are prone to get stuck in a local extreme, especially if there are a lot of them. For this reason, heuristic approach has been employed here. Namely, a self-adaptation variant (l, k)ÀES of evolution strategies, 16 was used, as this algorithm has previously been successfully used for similar optimization problems. [17] [18] [19] [20] [21] In brief, the (l, k)ÀES was implemented as follows. 16 
Initialization
The population of k individuals is generated each of whom has a genome represented by the parameter vector q.
The individual values q i of the parameter vector are generated randomly in some reasonable intervals: l i 2 hl min ; l max i; d i 2 hd min ; d max i. All the individuals are assessed, the l individuals with the highest value of the objective function [Eq. (12) ] are selected as parents for the evolution.
The evolution
). After all the generation has been produced, the individuals are assessed, the l of them with the highest objective function are chosen as the parents for next generation and the evolution continues for the pre-defined number of generations.
For every studied case, the algorithm was run repeatedly with random initial guesses in order to maximize the probability of finding the global maximum; each population consisted of k ¼ 105 individuals with l ¼ 15 parents, each evolution lasted for 400 generations.
The optimization routine was implemented in MATLAB. For example, one maximization of the objective function (one evolution) for N ¼ 6 side-branch tubes, and M ¼ 50 frequencies, lasted 27 s of running time on a PC with CPU Intel Core i7-5820 K, 3.3 GHz.
D. Finite element method
In order to validate the numerical results based on one dimensional (1D) TMM calculations, transmission loss of a two dimensional (2D) model of the waveguide with flushmounted side-branch tubes (see Fig. 1 ) was calculated. The calculations were performed employing commercial software COMSOL Multiphysics (Acoustics Module, Pressure Acoustics interface, frequency-domain) which is based on the finite element method (FEM). The waveguide and tube walls (blue lines in Fig. 1 ) were considered rigid. On the left side (dashed red line in Fig. 1) , the boundary condition imposing an incident plane wave and allowing for a planewave radiation was used; on the right side (dashed green line in Fig. 1 ), boundary condition modelling a plane wave radiation was used. Within the COMSOL's Pressure Acoustics interface, the Helmholtz equation is numerically solved.
Within the optimization procedure based on TMM, the side-branch tube lengths l i are calculated including the endcorrections, however, in the 2D model, the tubes should have physical lengths l phys i without these corrections. The physical tube lengths were determined as follows. In COMSOL model geometry, they were introduced as
where is an unknown coefficient, and w t is the tubes' width. Parametric sweep was then conducted in order to find such a value of providing the best match with the transmission loss calculated using TMM. The 2D FEM calculations described within this section are very undemanding from the computational point of view. A typical simulation for the parameters given in Sec. III and M ¼ 100 frequency points lasts ca. 10-30 s, depending on the concrete parameters (the same computer as described in Sec. II C was used).
III. NUMERICAL RESULTS
A series of numerical experiments has been conducted to study the transmission properties of the optimized silencers. In all the cases, the waveguide as well as the tubes have been supposed of rectangular cross-section with widths of w g ¼ 15 cm, and w t ¼ 4 cm, respectively. Air at normal conditions with ambient density q 0 ¼ 1.204 kg m
À3
, and sound-speed c 0 ¼ 343.2 m s À1 was used as a medium in the system.
As it has been introduced in Sec. II C, the frequency range for the optimization spans between f min ¼ f c -Df/2 and f max ¼ f c þ Df/2. For the simplicity, the center frequency was set the same f c ¼ 300 Hz for all the silencers described hereafter, whereas the bandwidth Df varied in the individual cases. Figure 2 shows the transmission loss of a silencer with N ¼ 6 side-branch tubes optimized for Df ¼ 100 Hz, employing l i , d i optimization. The solid line represents the optimization results (TMM), whereas the dashed line shows the results obtained by 2D FEM simulation with parameters calculated by TMM optimization (the tube-length end-correction was set as l cor ¼ 0.52w t ). It can be observed that the transmission-loss peaks are not distributed regularly, and that all the minima of TL within the targeted frequency range are close to TL min ¼ 29.5 dB. There is a slight deviation between the TMM and FEM results, probably due to geometrical effects not captured by 1D model, the TL peak frequencies differ by no more than 0.6 Hz, the minimum TL calculated by FEM is by 1.1 dB smaller against the TMM prediction.
The parameters of the optimized silencer are listed in Table I . The TL peaks (calculated by TMM) correspond to four-digit precision to the k/4 resonance frequencies of the individual tubes. It can be seen that the tube-lengths do not form a monotonic sequence. The non-monotonicity of the tube lengths is not an accidental result, it helps to increase the minimum value of TL within the targeted frequency range (the optimization algorithm was also modified to impose tube-lengths monotonicity, the obtained results were in this case by ca. 1 dB worse). It can also be seen in the table that the distances d i between the individual tubes significantly differ, the difference between the shortest and the longest one is ca. 75%. Contrary to the regular structures proposed or studied previously, 3, 4, 11 the optimization process leads to a highly irregular, or "amorphous" structure. Figure 3 shows the distribution of the acoustic pressure amplitude (normalized to the incident pressure amplitude) within the optimized silencer discussed above. The calculations are performed by 2D FEM at individual TL-peak frequencies calculated by FEM. In each case, the side-branch for which the k/4-resonance condition is met, is marked by asterisk. For example, the top-left panel shows the case of the TL peak with the lowest frequency of 251.8 Hz, the k/4 resonance condition is met for the longest side-branch tube which is the second one in the sequence. Due to the resonance, acoustic field is essentially zero behind the second tube. It can be seen that relatively strong acoustic field is also present in the first tube, which is caused by the fact that there is the maximum of the standing wave at the position of the first-tube mouth (see also the red curve in Fig. 4) . Similarly, for example, at the frequency of 310.9 Hz, the resonance condition is met for the fourth tube in the sequence (top-right panel in Fig. 3 ). Acoustic field is essentially zero behind the fourth tube, whereas it is rather strong in front of it due to interactions with upstream-positioned side-branch tubes (see also the green curve in Fig. 4) . Figures 3 and 4 thus show that unlike the case of closely packed side-branch tubes, 9 the individual TL peaks are caused by resonances of individual tubes and not by concerted interplay among several tubes. Figure 5 shows the comparison of TL of the abovedescribed optimized silencer (black line) with two nonoptimized silencers with the same number of side-branch tubes. Similarly as in Ref. 9 , in one case, the side-branchtube lengths were chosen such as the tube resonance frequencies were distributed regularly within the frequency range 250-350 Hz (blue line); in the second case, the individual tube-lengths increased linearly to span the frequency range of 250-350 Hz (red line). In both the nonoptimized cases, the inter-tube distance d was set to k/4 for the center frequency f c ¼ 300 Hz. It can be seen that in the non-optimized cases, the TL characteristics possess dips more than 10 dB deeper compared to the optimized case. It should be noted that the positions and the depths of these dips strongly depend on the value of the inter-tube distances d; for example, if it is set to k/2 of the center frequency, there is a perfect transmission at the center frequency in the case of Df i ¼ const. Figure 6 shows the TL characteristics of silencers optimized for Df ¼ 100 Hz, employing l i , d i optimization and different number of side-branch tubes N ¼ 4, 6, 8, 10. It can be seen that for given N, all the minima of TL in the targeted frequency range reach approximately the same value, and the higher N, the higher the value of TL min . In this case, the doubling of N leads to an increase of the TL min by approximately 12 dB. Figure 7 shows the transmission loss of l i , d i optimized silencers with N ¼ 6 side-branch tubes, and different frequency ranges ÀDf ¼ 100, 120, and 140 Hz. As it can be expected, increased frequency range leads to decreased TL min , here, from 29.5 dB to 23.7 dB, and 20.2 dB, respectively. For the reference, TL characteristics of a silencer with N ¼ 6 side-branch tubes of the same length l ¼ 28.6 cm (corresponding k/4 resonance frequency equals to 300 Hz), and inter-tube distances d ¼ 2l ¼ 57.2 cm. This configuration employs the Bragg reflection. 7, 11 It is obvious that the optimized silencers provide much more uniform transmission loss in the given frequency range. Moreover, the Bragg silencer, due to large inter-tube distances, has the total length of L Bragg ¼ (N -1) Figure 8 shows the minimum transmission loss TL min of l i , d i , and l i , d optimized silencers as a function of the number of side-branch tubes N, and the frequency range Df. As it can be expected, in all the cases, the bigger the number N of the tubes for the given frequency range Df, the bigger the minimum transmission loss TL min ; and conversely, the wider the frequency range Df for given N, the lower the TL min . Fig. 8 never cross) .
The lengths of the individual tubes, and the distances between them in the above-mentioned case (N ¼ 5, Df ¼ 200 Hz) are summarized in Table II . It can be seen that the inter-tube distances d 2 , d 3 , d 4 are more than two-times larger than the optimum distance d. These long distances improve the transmission loss between the individual resonance peaks [see, e.g., the flat TL trough in the l i , d i case in Fig. 9 between ca. 330 and 380 Hz (solid red curve)]. The importance of the correctly tuned distances between the individual tubes is also demonstrated in Fig. 9 . The dashed red curve shows the case of the l i , d i optimized filter, where the optimum distances d 2 , d 3 , d 4 were halved. As a result, the minimum transmission loss reduced by 6.4 dB. Similar behaviour can be observed in the l i , d optimized case (solid blue line in Fig. 9 ). If the optimum inter-tube distance d is doubled to 42.04 cm, prominent dips in TL characteristics appear, and there is even a perfect transmission at the frequency of 252 Hz (dashed blue line in Fig. 9 ).
It can be seen in Fig. 8 that the individual curves are distributed rather regularly. This fact is visualised in Fig. 10 , where in the case of l i , d i optimized silencers, the minimum transmission loss is depicted as a function of the number of the side-branch tubes N. It can be seen that for given frequency range, the calculated values (markers) lie on a straight line (dashed lines, calculated as a least-square first order polynomial fit). For example, for Df ¼ 100 Hz, the slope DTL min /DN ¼ 5.85 dB, for Df ¼ 200 Hz, the slope DTL min /DN ¼ 2.74 dB.
IV. CONCLUSIONS
A simple heuristic optimization algorithm has been proposed for the optimization of silencers with flush-mounted side-branch tubes. One-dimensional mathematical model based on the transfer matrix method has been employed, the numerical results have been compared with results calculated by a 2D model based on the finite element method; good agreement between the results has been found. As an objective function to be maximized by the optimization algorithm, the minimum value of the transmission loss in a predefined frequency range Df was used.
All the numerical results show that for the given parameters (N, Df), the optimization process, either if the l i , d i , or l i , d optimization is conducted, leads to a TL characteristics with approximately the same minimum values of TL inside the given frequency range, and at its edges. Whereas the frequencies of the individual TL-peaks depend on the lengths of the individual side-branch tubes, the minimum values of the TL characteristics are also critically dependent on the intertube distances d i (or d), and the ordering of the tubes, and the inter-tube distances within the array. It has been shown that the optimization of the individual distances between the side-branch tubes slightly increases the minimum transmission loss, and for the given frequency range, its value linearly increases with the number of the tubes N.
Unlike the periodic or regular structures studied earlier, the optimized structures are rather disordered, or "amorphous."
Even if the heuristic approach to the design of a reactive silencer is less straightforward than, for example, the design of a silencer employing the Bragg reflection, the proposed algorithm is relatively simple and the computational resources needed are reasonable. The optimized designs benefit from rather uniform TL characteristics, more compact geometry, and what is more, their properties can easily be tailored to the needs of specific applications.
